Abstract. If p is prime, a compact Riemann surface X of genus g 2 is called cyclic p-gonal if it admits a cyclic group of automorphisms Cp of order p such that the quotient space X/Cp has genus 0. If in addition Cp is not normal in the full automorphism G, then we call G a non-normal cyclic p-gonal group. In the following we classify all non-normal p-gonal groups.
Introduction
A compact Riemann surface X of genus g 2 which admits a cyclic group of automorphisms C p of prime order p such that the quotient space X/C p has genus 0 is called a cyclic p-gonal surface or a p-gonal surface for brevity. The group C p is called a p-gonal group for X. If in addition C p is normal in the full automorphism group of X, then we call X a normal p-gonal surface. Else we call X a nonnormal p-gonal group and any group G with C p G Aut(X) in which C p is not normal, we call a non-normal p-gonal group. The primary result of this paper is a classification of all non-normal p-gonal surfaces. By classification, we mean that for each such surface X, we find the full automorphism group and the signature for the normalizer of a surface group for X. These results coupled with the results of [19] can then be used to find a defining affine model for X.
The study of such surfaces and other related surfaces is already extensive in the literature, see for example [2] , [3] , [4] , [7] , [8] , [9] , [10] , [11] , [12] , [13] , [17] , [18] . The first family of cyclic p-gonal surfaces to be classified in this sense were the hyperelliptic surfaces (when p = 2). The groups and signatures for this family were first presented in [4] and the full automorphism groups were found in [7] . It is natural to try to generalize the results of the classification of hyperelliptic surfaces. However, the main contributing factor to this classification was the fact that a hyperelliptic surface is always normal 2-gonal and for p > 2 this is no longer true. Though a complete classification of cyclic p-gonal surfaces is not possible using the methods developed for the hyperelliptic classification, the methods can be generalized to find all normal p-gonal groups and corresponding group signatures for a general p, see for example [14] or [19] . Then, as with the hyperelliptic case, the results of [6] can be used to determine which of these groups are full automorphism groups of a normal p-gonal surface (see Section 4 for details). With these results in consideration, the remaining problem is to find all non-normal p-gonal groups which act as full automorphism groups on p-gonal surfaces.
In [1] , Accola showed that if X is a genus g p-gonal surface and g > (p−1) 2 , then X is normal p-gonal. This result motivates an explicit study of p-gonal surfaces of genus g (p − 1)
2 for small values of p which may provide insight into the general problem. Results for trigonal surfaces (p = 3) were given in [2] and [3] , and results for a closely related family of surfaces in [8] . In principle, the methods employed could work for a general prime p. Another way to gain insight into this problem is to study families of non-normal p-gonal surfaces with additional restrictions, see for example [12] , [13] and [18] . In these collective works, a number of different nonnormal p-gonal surfaces were found including certain unique surfaces (like Kleins genus 3 surface) and infinite families of surfaces (like the p-th Fermat curve for each prime p > 3). However, a complete classification was still lacking. With the insight provided by these results, we shall finish this classification by showing that there are no additional non-normal p-gonal surfaces to those which already appear in the literature.
We start in Section 2 by developing a number of general results regarding automorphism groups of compact Riemann surfaces, uniformization and Fuchsian groups -discrete subgroups of PSL(2, R). Following this, in Section 3, we shall prove the main result needed for this classification. In Sections 4, 5 and 6, we shall present classification results for three different special classes of cyclic p-gonal surfaces -normal cyclic p-gonal surfaces, p-gonal surfaces for primes 2, 3, 5 and 7 (primes we shall henceforth refer to as small primes) and p-gonal surfaces which admit a group of automorphisms divisible by p 2 . Using the results for these special classes and the main result of Section 3, we shall complete the classification in Section 7. We finish in Section 8 with a brief summary of our results.
Preliminary Results
A compact Riemann surface X of genus g 2 can be realized as a quotient of the upper half plane H/Λ where Λ is a torsion free Fuchsian group called a surface group for X. Under such a realization, a group G acts as a group of automorphisms on X if and only if G = Γ/Λ for some Fuchsian group Γ containing Λ as a normal subgroup of index |G|. We call Γ the Fuchsian group corresponding to G and, if Λ has been fixed, G the automorphism group corresponding to Γ. If G is group of automorphisms of X with surface group Λ and Γ is the Fuchsian group corresponding to G, we identify the orbit spaces H/Γ and X/G and the quotient map π G : X → X/G is branched over the same points as π Γ : H → H/Γ with the same ramification indices as illustrated in Figure 1 . We define the signature of a Fuchsian group Γ to be the tuple (g; m 1 , m 2 , . . . , m r ) where the quotient space H/Γ has genus g and the quotient map π Γ branches over r points with ramification indices m i for 1 i r. The signature of Γ also provides information regarding a presentation for Γ: Theorem 2.1. If Γ is a Fuchsian group with signature (g; m 1 , . . . , m r ) then there exist group elements a 1 , b 1 , . . . , a g , b g , c 1 , . . . c r ∈ PSL(2, R), such that;
(ii) Defining relations for Γ are
c j .
(iii) Each elliptic element (the elements of finite order) lies in a unique conjugate of c i for suitable i. Furthermore, the cyclic groups c i are selfnormalizing in Γ. (iv ) Each elliptic element of Γ has a unique fixed point in H. All other elements (the hyperbolic elements) act fixed point freely on H.
We call a set of elements of Γ satisfying Theorem 2.1 canonical generators for Γ.
Notice that if Γ is a surface group for a surface of genus g, since it is torsion free, it must have signature (g; −). Theorem 2.1 implies that if Γ 1 Γ, then any elliptic element of Γ 1 must be conjugate to an elliptic element of Γ. This motivates the following definition. Definition 2.2. Suppose Γ 1 Γ are Fuchsian groups, a ∈ Γ 1 is an elliptic element and a is conjugate to a power of c, some elliptic element of Γ. Then we say a is induced by c.
In fact, by Theorem 2.1, any elliptic generator of Γ 1 in a set of canonical generators for Γ 1 must be conjugate to a power of a unique elliptic generator of Γ in a set of canonical generators of Γ (though other generators of Γ 1 could be conjugate to that same generator of Γ, see Theorem 2.3 and Remark 2.4).
We fix some notation. Henceforth, let X denote a cyclic p-gonal surface, Λ a surface group for X, C p a p-gonal group for X and Γ p the Fuchsian group corresponding to C p . Also, let G denote the full automorphism group of X, Γ its corresponding Fuchsian group, N the normalizer of C p in G, ∆ its corresponding Fuchsian group and K = N/C p = ∆/Γ p . After appropriate identifications, we have the tower of groups and epimorphisms illustrated in Figure 2 and corresponding to this, the tower of surfaces and holomorphic maps between them illustrated in Figure 3 .
Observe that the signatures of the groups Γ p , Γ and ∆ must all relate to each other and exactly how can be determined through examination of the ramification data of the maps between the quotient surfaces. For example, since the map π Cp : X → X/C p is a Galois cover of the Riemann sphere of degree p, at any point it will either be totally ramified of order p, or unramified. It follows that Γ p has signature (0; p, . . . , p R times ) for some integer R > 2 and consequently both ∆ and Γ must have elliptic elements divisible by p. We postpone a major discussion of the geometric method of signature determination until the later relevant sections (see Proposition 4.1). However, since the elliptic generators of Γ p , Γ and ∆ provide a presentation for these groups, information about the signature of each of these groups and how they relate can be derived through purely group theoretic methods. We summarize below (for details, see [15] ). (i) There exists a finite permutation group G transitive on N points and an epimorphism Φ : Γ → G such that the permutation Φ(c j ) has precisely ϑ j cycles of length less then m j , the lengths of these cycles being
Since it will play an important role in our analysis, we make the following remark.
Remark 2.4. In Singerman's original proof of this result, the map Φ is induced by the action of Γ on the left cosets of Γ 1 . He explicitly showed that if c is a canonical generator of Γ of order n, then the number of canonical generators of Γ 1 induced by c equals the number of cycles of Φ(c) of lengths less than n. Moreover, the orders of these elliptic generators are given by n/m i where the m i run over the lengths of each of the cycles of Φ(c) less than n.
Of particular importance is the role of normalizer ∆ of Γ p . Therefore, we observe that in the special case when Γ 1 is normal in Γ, we have the following result (see for example Lemma 3.6 of [5] ).
Corollary 2.5. Let Γ be a Fuchsian group with signature (g Γ ; m 1 , . . . , m r ) and Γ 1 Γ a normal subgroup of finite index N such that c i Λ has order t i in the quotient group Γ/Γ 1 . Then the orbit genus g Γ1 of Γ 1 is given by
and the periods of
where f i,j = 1 are deleted.
Fuchsian Groups and Signatures
Our method of approach to the classification of non-normal p-gonal surfaces is to determine the restrictions imposed on the signature of Γ. In order to do this, we shall first show how the elliptic generators of Γ and ∆ are related. For this, we need the following useful result. Proof. If c induces a ∈ Γ p , then, a = γc t γ −1 for some γ ∈ Γ and t ∈ N. Under the epimorphism ̺ :
In particular, γcγ −1 is induced by c and is clearly of the same order.
We are now ready to prove the key result in this classification. The idea dates back to Singerman's original proof of Theorem 2.3 though restricts to the special case when X is cyclic p-gonal. Proof. If Γ = ∆ (so X is normal p-gonal), then the result holds trivially, so assume X is not normal p-gonal. In order to determine the number of canonical generators of Γ p induced by c, we need to consider the map Φ : Γ → S [Γ:∆] induced by the action of Γ on the cosets of Γ p (see Remark 2.4). The kernel of this map will be the intersection of the conjugates of Γ p , so will coincide with Λ. In particular, the image of Φ will be isomorphic to G and the action of Γ on the cosets of Γ p by left multiplication will be the same as that of G on the cosets of C p . Therefore, we consider how Φ(c) ∈ G permutes the cosets of C p .
Suppose the order of Φ(c) is kp for some integer k. Then the number of canonical generators of Γ p induced by c will be equal to the number of cycles of length k in the image Φ(c) ∈ S [Γ:∆] (see Remark 2.4). To determine the cycle structure of Φ(c), we shall explicitly examine the action of Φ(c) on the cosets of C p .
By assumption, Φ(c) has order kp for some integer k and (Φ(c))
Without loss of generality, we assume that Φ(c) k ∈ C p (since all conjugates of C p will also be p-gonal groups for X). Considering the action of Φ(c) on C p , we get
We need to determine the length of this cycle or equivalently, we need to determine the smallest value of a such that Φ(c)
a ∈ C p , so it follows that a is a multiple of k. Thus, the action of Φ(c) on C p produces the following cycle which has length k.
. . .
By a similar argument, if n ∈ N G (C p ), then the cycle
also has length k. To see this, observe that Φ(c) a nC p = nC p if and only if
this occurs if and only if Φ(c)
a ∈ C p , so a must be a multiple of k. Therefore, the action of Φ(c) on nC p for n ∈ N G (C p ) produces the following cycle which has length k.
Since there are
cosets of C p with coset representatives in N G (C p ), and each cycle is of length k, the image of Φ(c) will contain at least
cycles of length k. Consequently, there will be at least
We need to determine the length of this cycle or equivalently, the smallest value of a such that Φ(c)
The smallest value of a for which this happens is kp. Thus, the action of Φ(c) on gC p produces a cycle which has length kp. In particular, all cosets gC p for g / ∈ N G (C p ) lie in a cycle of length kp and consequently no additional canonical generators of Γ p are induced by c. Thus there are a total of To summarize, we have shown that if we know the signature of ∆, then the signature of Γ is very closely related. This means to classify p-gonal surfaces, if we can determine all possible signatures for ∆, we can use this fact with other results regarding Fuchsian groups to determine the possible signatures for Γ and consequently the restrictions imposed on possible quotient groups. Though not relevant to the classification, an interesting consequence to Theorem 3.2 is the following.
The Classification of Normal p-gonal Surfaces
For the next three sections, we combine prior results with new techniques to explain how to classify three different classes of cyclic p-gonal surfaces. In this section, we consider the class of normal cyclic p-gonal surfaces (so in this case G = N ). All normal p-gonal groups are well known (see for example [14] or [19] ), but we summarize briefly how they were found as the methods are key to the classification of non-normal p-gonal groups. We also explain the problem of determining whether or not a given normal p-gonal group is indeed the full automorphism group of a normal p-gonal surface.
If X is normal p-gonal and G is the full automorphism group of X then G will contain a cyclic p subgroup C p which is normal and such that the quotient space X/C p has genus 0. Since the group K = G/C p acts on the quotient space X/C p , it follows that K is a finite group of automorphisms of the Riemann sphere. All such groups are well known and we tabulate them in Table 1 . The branching data is a vector whose length is the number of branch points of the map π K : Σ → Σ/K and whose entries are the orders of the branch points where Σ denotes the Riemann sphere. It follows that any p-gonal normal overgroup must satisfy the short exact sequence: Complete solutions to this short exact sequence for p 3 can be found in [14] , or [19] , Appendix B, and for p = 2, in [4] . In order to determine the possible signatures for ∆, we can use the fact that we know complete branching data of the maps π K and π Cp . It is then a simple matter of determining whether or not any branch points of π Cp coincide with any ramification points of π K . We summarize.
Proposition 4.1. The possible signatures for ∆ depend upon the group K and are calculated as follows. 
In 
In particular, if c 1 , . . . c s+2 are a set of canonical generators for ∆, then c i induces
Proof. This is a slightly generalized version of Proposition 3 in [18] .
In order to classify normal p-gonal surfaces, we proceed as follows. Start with a possible group G which satisfies the short exact sequence in Figure 4 (so it is a candidate for a normal p-gonal group). Then we use Proposition 4.1 to find all possible signatures for Fuchsian groups for which there may exist a map ̺ : Γ → G. We then either show that such a map ̺ exists by explicit construction or show that no such map can exist. Since for a fixed p the number of groups and signatures is completely determined, this is fairly straightforward (see [19] for an overview and [20] for complete details). To finish the classification of normal p-gonal surfaces, for any triple (G, Γ, ̺) comprising of a normal p-gonal group G, a Fuchsian group Γ and an epimorphism ̺ : Γ → G, we need to check that there is indeed a normal p-gonal surface X whose full automorphism group is G with corresponding Fuchsian group Γ. To this end, the following definition will be useful. The signatures of all Fuchsian groups which are not finitely maximal were determined by Singerman in [16] . Since they are the only ones relevant to this classification, we tabulate those with orbit genus 0 in Table 2 
The problem of whether or not the group Ker(̺) is normal in Γ 1 was considered in [6] . These results can be used explicitly to determine the existence or non-existence of normal p-gonal surfaces with given ramification behavior and full automorphism group (for the hyperelliptic case, see [8] ). Due to the lengthy calculations required and because it is not really relevant to the main result, we omit details and complete results and instead illustrate the method of determination of maximal automorphism groups of normal p-gonal surfaces with a very explicit example.
Case Signature Γ 1 Signature Γ [Γ : Γ 1 ] N 4 (0; t, t, t, t), t 3 (0; 2, 2, 2, t) 4 N 5 (0; s, s, t, t), s + t 5 (0; 2, 2, s, t) 2 N 6 (0; t, t, t), t 4 (0; 3, 3, t) 3 N 7 (0; t, t, t), t 4 (0; 2, 3, 2t) 6 N 8 (0; t, t, u), t 3, t + u 7 (0; 2, t, 2u) 2 T 1 (0; 7, 7, 7) (0; 2, 3, 7) 24 T 2 (0; 2, 7, 7) (0; 2, 3, 7) 9 T 3 (0; 3, (0; 2, 3, 9) 12 T 7 (0; 4, 4, 5) (0; 2, 4, 5) 6 T 8 (0; n, 4n, 4n), n 2 (0; 2, 3, 4n) 6 T 9 (0; n, 2n, 2n), n 3, (0; 2, 4, 2n) 4 T 10 (0; 3, n, 3n), n 3 (0; 2, 3, 3n) 4 T 11 (0; 2, n, 2n), n 4 (0; 2, 3, 2n) 3 Table 2 . Singerman's List for Triangle Groups, [16] Example 4.3. Suppose that Γ has signature (0; t, t, t, t) for some t 3. Using Proposition 4.1, we must have t = p. Also, since p = 2, the only possible quotient groups are C p (in which case Γ = Γ p ) and C p × C p (in which case just two elliptic generators of Γ induce elliptic generators of Γ p ). We consider the case when the quotient group is C p . Let Γ 1 denote a Fuchsian overgroup of Γ with signature (0; 2, 2, p, p) and Γ 2 the overgroup with signature (0; , 2, 2, 2, p) .
If G = C p = x and p = 3, then any epimorphism ̺ : Γ → C p is of the form ̺(c 1 ) = x, ̺(c 2 ) = x, ̺(c 3 ) = x 2 , ̺(c 4 ) = x 2 up to a permutation of the generators c 1 , . . . , c 4 . In particular, using Theorem 5.1 of [6] , Ker(̺) will also be normal in both Γ 1 and Γ 2 . Observe however that Γ is also normal in Γ 1 and Γ 2 (using Corollary 3.3), so X = H/ Ker(̺) is normal 3-gonal. Invoking Theorem 5.1 of [6] , the full automorphism group of X in this case is Γ 2 / Ker(̺) = D 6 . In particular, there is no normal 3-gonal surface X with full automorphism group C 3 whose corresponding Fuchsian group has signature (0; 3, 3, 3, 3) .
If G = C p = x and p = 3, then define an epimorphism ̺ :
Clearly there is no automorphism of C p satisfying Theorem 5.1 of [6] for this epimorphism and hence Ker(̺) is not normal in either of the two possible overgroups of Γ. In particular, there is a normal p-gonal surface X with full automorphism group C p and whose corresponding Fuchsian group has signature (0; p, p, p, p) for p = 3.
Since in principle we know how to classify normal p-gonal surfaces, we shall henceforth assume that X is not normal p-gonal.
The Classification for Small Primes
The next case we consider is when p is a small prime (that is p ∈ {2, 3, 5, 7}). The key step to the classification of such surfaces is due the following which is a consequence of the main result in [1] .
Theorem 5.1. If X is a cyclic p-gonal surface and g > (p − 1)
2 , then X is normal p-gonal.
Since for small primes (p − 1) 2 36, all possible cases for non-normal p-gonal surfaces will appear in Breuer's lists, see [5] , which contain all automorphism groups that act on surfaces of genus up to 48 and the corresponding group signature data. Therefore, to classify all such surfaces, we just need to proceed through Breuer's lists and pick out groups and signatures satisfying the necessary conditions. We summarize.
Theorem 5.2. Suppose p is a small prime. Then the full automorphism group and the signature of its corresponding Fuchsian group is one of those tabulated in Table  3 (where CD denotes the central diagonal subgroup of C 4 × SL(2, 3) of order 2).
Proof. By Theorem 5.1, a 2-gonal surface will always be normal 2-gonal. In particular, no non-normal 2-gonal surface exists. For p ∈ {3, 5, 7}, we know that if g > (p − 1)
2 , then X is normal p-gonal. For the cases when g (p − 1) 2 , we can proceed through Breuer's lists to determine the non-normal p-gonal surfaces. However, rather than considering the complete lists (there are 1495 possible groups and signature types for g = 36), we can refine these lists to eliminate groups and signature types not satisfying the necessary criteria.
First, we observe that the orbit genus of Γ must be 0 and there must be elliptic elements divisible by p. Second, since we are searching for automorphism groups of non-normal p-gonal surfaces, |N G (C p )| > p by Corollary 3.4, so the size of G will Prime Signature of Γ Genus Automorphism Group Table 3 . Non-Normal Automorphism Groups for Small Primes be at least 2p
2 . Next, if p 2 does not divide |G|, and there exists a cyclic normal subgroup of order p, then it is unique and hence must be a p-gonal group so G will be normal p-gonal. Finally, the groups Γ p and Γ must satisfy (ii) of Theorem 2.3. Using these conditions, we reduce the list of possibilities to a much smaller list, and the remaining groups and signatures can be considered on a case to case basis.
With the results we have so far proved, we may henceforth assume that X is a non-normal p-gonal surface and p 11.
The Classification of Non-Normal p-gonal Groups of Order
Divisible by p
2
The last preliminary case shall examine is when p 2 ||G| for p 11 (though most results hold for all primes). Partial results for this case can be found in [11] . For completion, we shall focus on the aspects of the classification which do not already appear in the literature. One very useful fact we shall use is the following which is one of the main results of [11] .
Theorem 6.1. If X is a cyclic p-gonal surface and G is the full automorphism group of X, then all p-gonal groups are conjugate in G.
In particular, this implies that X is normal p-gonal if and only if there exists a unique p-gonal group of X. Our method of proof will be to show that for p 11, there are few possible signatures for Γ due to the size of a non-normal p-gonal group with these properties. We make explicit use of the following result, see Lemma 3.2 of [17] . Lemma 6.2. Suppose G is an automorphism group of a compact Riemann surface X of genus g and |G| 13(g − 1). Then the signature of Γ is one of those tabulated in Table 4 .
With these results, we can now classify all non-normal p-gonal surfaces whose automorphism group is divisible by p 2 .
Signature AdditionalConditions (0; 3, 3, n) 4 n 5 (0; 2, 6, 6) (0; 2, 5, 5) (0; 2, 4, n) 5 n 10 (0; 2, 3, n) 7 n 78 Table 4 . Signatures for Large Automorphism Groups Theorem 6.3. Suppose X is cyclic p-gonal for p 11, p 2 || Aut(X)| but X is not normal p-gonal. Then the genus of X, the group G = Aut(X) and the signature of the Fuchsian group corresponding to G is one of those given in Table 5 . Table 5 . Automorphism Groups and Signatures
Proof. We first show that p 3 does not divide |G|. Assuming it does, it follows that G contains a subgroup H of order p 3 which contains a p-gonal subgroup. Since we are assuming X is non-normal p-gonal, we have g (p − 1)
2 , so for p 13
and |H| = 11 3 > 13(100 − 1) 13(g − 1)
for g 100 and p = 11. In particular, the signature for the Fuchsian group Γ H corresponding to H must appear in Table 4 . However, because |H| = p 3 , each period of Γ H must be divisible by p and for p 11, no such signature exists in Table 4 . Hence p 3 does not divide |G|. Since p 2 ||G|, then a p-gonal group C p is a normal subgroup of a subgroup H of G of order p 2 . Moreover, by the above, H will be a Sylow p-subgroup of G. We consider the two different possibilities for H.
First, if H = C p × C p , then using Proposition 4.1, since there are no elements of order p 2 in H, the only possible signature type for Γ H , the Fuchsian group corresponding to H, is (0; p, . . . , p n+2 times ). By that same Proposition, the signature of Γ p will be (0; p, . . . , p np times ), so the Riemann-Hurwitz formula shows that X must have genus g = (p − 1)( p 2 n − 1). In particular, since we are assuming X is not normal p-gonal, by Theorem 5.1 we must have g (p − 1)
2 , so we can either n = 1 or 2. If n = 1, then Γ H has signature (0; p, p, p) and this follows exactly Example 4.3 of [18] . Specifically, in this case X is the pth Fermat curve, Γ has signature (0; 2, 3, 2p) and the full automorphism group of X is (C p × C p ) ⋊ S 3 . By the same example, there are no other non-normal p-gonal surfaces with Γ H having signature (0; p, p, p).
If n = 2, the signature of Γ H is (0; p, p, p, p). Both Cases 2 and 3 from Table 5 have Γ H with signature (0; p, p, p, p) and as with n = 1, both cases are considered in [18] with complete calculations given in [20] (Case 3 is really a special subclass of Case 2, and a strict subclass because the Fuchsian group Γ with signature (0; 2, 2, 2, p) is finitely maximal). To finish, we need to show that there are no other non-normal p-gonal surfaces with Γ H having signature (0; p, p, p, p) .
Since Γ H has signature (0; p, p, p, p), Proposition 4.1 implies there are either two p-gonal subgroups of H or just one. We consider these two possibilities. and a permutation of c 1 , . . . , c 4 . Notice that the epimorphism ̺ satisfies the conditions of Theorem 5.1 of [6] necessary for Ker(̺) to be normal in Γ 2 with signature (0; 2, 2, 2, p). This means that the group S = Γ 2 / Ker(̺) acts on X and this group and signature coincide exactly with Case 2 of Table 5 . If S = G, we have nothing left to show, so we need to consider the case when S = G. If S = G, then H will be normal in a subgroup S of G with [S : H] = 4. It follows that H must be normal in G, since otherwise the Sylow Theorems imply
, meaning Γ must have signature (0; 2, 3, 8) or (0; 2, 3, 7) (using the RiemannHurwitz formula) contradicting that p 11. Therefore, since H is normal, it is unique as a Sylow p-subgroup and consequently G must contain only two p-gonal subgroups. It follows that Γ is a normal extension of Γ H which also contains Γ 2 and [Γ : ∆] = 2. In addition, we also know that Γ and Γ H have orbit genus 0 and all the periods of Γ H are equal to p. Applying Proposition 4.1 and discarding all signatures which do not satisfy these conditions, the only possibility for the signature of Γ is (0; 2, 4, 2p) and this is precisely Case 3 in Table 5 . (ii) If H contains a unique p-gonal subgroup, then in order to be non-normal p-gonal, H cannot be normal in G. By the Sylow Theorems and arguments similar to above, it follows that |G| > 13(g −1) for p 11, so the signature of Γ must appear in Table 4 . Since p 11, Γ must have signature (0; 2, 3, k) with k 78 and consequently p < 78. Since we know Γ must also contain a subgroup with signature (0; p, p, p, p), we can use Theorem 2. This, exhausts all possibilities when H = C p × C p , so to finish we need to consider the case when H = C p 2 . If H = C p 2 then using Proposition 4.1, the only possible signature for Γ H is (0; p, p 2 , p 2 ). Since this is a triangle group and p 11, the only possible overgroup of Γ H is Γ with signature (0; 2, 2p, p 2 ). However, if G = Γ/Λ, then |G| = 2p 2 and contains a cyclic subgroup of order p 2 . In particular, there will be a unique subgroup of order p which must therefore be normal in G, so X will be normal p-gonal.
Computations for General p
We are now ready to finish the classification of non-normal p-gonal surfaces. As all such surfaces have been classified, we may henceforth assume that X is not normal p-gonal group, p 11 and p 2 does not divide |G|. Before we proceed with the classification, we make some observations. First, since p 2 does not divide |G| and X is not normal p-gonal, using the Sylow theorems |G| = np(ap + 1) where np = |N G (C p )| and a 1. From these facts, we can derive the following restriction on n and a.
Lemma 7.1. If |G| = np(ap + 1), then na 13.
Proof. Since X is non-normal p-gonal, g (p − 1)
2 , so
If na 13, then |G| > 13(g − 1) and Γ must have one of the signatures in Table 4 .
Since p 11, we only need consider signatures of type (0; 2, 3, k) where 11 k 78 and k is divisible by some prime p > 7. By Corollary 3.3, the group ∆ must either be a triangle group or a Fuchsian group with orbit genus 0 and four elliptic generators. If ∆ is a triangle group, then the pair (Γ, ∆) must appear in Singerman's list. However, through observation for p 11, no such pair appears. If ∆ is not a triangle group, then all its periods must divide the periods of Γ, and if Γ has signature (0; 2, 3, k), then one of the periods of ∆ must be equal to k and no other periods are divisible by p. The only signatures satisfying these criteria are (0; 2, 3, 5, 5p) where K = S 5 for p = 11 and 13, (0; 2, 3, 4, 4p) where K = S 4 for p = 11, 13, 17 or 19, (0; 2, 3, 3, kp) where K = A 4 and 1 k 7 for all primes 11 p 78/k, and (0; 2, 2, n, knp) where K = D n , 2 nk 7 for all primes 11 p 78/nk. However, the signatures of Γ and ∆ must satisfy (ii) of Theorem 2.3 and through explicit calculation it can be shown that none of these signatures do. Hence there are no possible pairs for Γ and ∆ if an > 13, so an 13.
Since n 13, the only possibilities for K are C n for n 13, D n for n 6 and A 4 . Using Proposition 4.1, for each of these groups we can find the possible signatures of ∆ and then using Corollary 3.3, we can determine the possible signatures for Γ. Unless the signatures of Γ and ∆ appear in Singerman's list, the number of elliptic generators of ∆ is strictly greater than the number of those of Γ. If ∆ is a triangle group, from Singerman's list, then X is a non-normal Belyȋ p-gonal surface and falls into one of the categories we have already considered (see [18] for details). For the non-triangle case in Singerman's list, we have the following. Proof. If ∆ has signature (0; t, t, t, t), then by Proposition 4.1, we must have t = p and N is either C p or C p × C p . However, we cannot have N = C p by Corollary 3.3, and N = C p × C p is not possible since we are assuming p 2 does not divide |G|.
If ∆ has signature (0; s, s, t, t), then by Proposition 4.1 we may assume t = p (if s = p too then we have the case considered previously). It follows that either N = C sp or N = C p ⋊ C s (using the list of possible groups in [19] ). If G = Γ/Λ, where Γ has signature (0; 2, 2, s, p), then [G : N ] = 2 and in particular, N ⊳ G. However, for both choices of N , C p is unique, so will also be normal in G. This contradicts that G is non-normal p-gonal.
For the signatures which do not appear in Singerman's list, the number of elliptic generators of ∆ is strictly greater than the number of those of Γ. Observe that if the signature of Γ is (0; m 1 , . . . , m t ) and ∆ has signature (0; n 1 , n 2 , . . . , n k ), then Theorem 2.3 implies there exists N ∈ Z such that
In fact, we can be much more specific. First, since ∆/Λ is the normalizer of C p , using the Sylow theorems, we must have N = ap + 1 for some a = 0. Next, if r is the number of elliptic generators of order p in ∆, then it is also the number of elliptic generators of order p in Γ. Thus if ∆ has signature (0; n 1 , . . . , n s , p, . . . , p ) and we shall have:
Finally, notice that if p|n i for some i, then n i must induce an elliptic generator of Γ p , so by Corollary 3.3, m j = n i for some j. Thus we can rewrite (1) as
where p|g i but p does not divide n i or m i . This now simplifies to
Observe that (2) linear in p, so p can be written as a function of r and a and the m i and n i . In Table 6 , we present all pairs of signatures and the prime p written as a result of solving this equation. We recall that an < 13 which implies that the choices for a in most cases are very limited as suggested by the entries in Table 6 . We are now ready to finish the classification of non-normal p-gonal groups.
Proposition 7.3. There are no additional p-gonal surfaces to those already found.
Proof. Assume that p 11, X is not normal p-gonal, p 2 does not divide |G|, and the number of elliptic generators of Γ is strictly less than those of ∆. Our reasoning implies that the signatures for Γ and ∆ must appear in Table 6 and p can be written Table 6 . Signature Pairs Not in Singerman's List in terms of the periods of the signature, and the numbers a and r. Thus to finish the problem, we just need to analyze the different signature pairs given in Table 6 . All possible cases follow a similar argument, so we describe one case in detail and omit calculations for the remaining cases. We consider Case 1 where K = C n . Since na 13, we only have a small number of possibilities for n and a. Specifically, for a fixed a with 1 a 13, we have 2 n 13/a. Since the argument for all choices of a and n are similar, we illustrate with the case when a = 3 and n = 4. For this case, we get p(r, m) = (m + 6rm + 2) 6(−m − 1 + rm) .
Differentiating with respect to r, we get ∂p ∂r = − m(7m + 8) 6(−m − 1 + rm) 2 < 0 so since m > 0, p is a decreasing function with respect to r. Likewise, ∂p ∂m = − (−1 + 8r) 6(−m − 1 + rm) 2 < 0 so since r > 0, p is a decreasing function with respect to m. Therefore, the largest value of p will take place at the smallest values for r and m, so when r = 2 and m = n. Evaluating, we get p 3 and in particular, this reduces to the small prime case considered in Theorem 5.2.
In general, for all other cases in Table 6 , we first impose any necessary conditions given on the variables in the expression for p. Once all conditions have been considered, we evaluate each case individually regarding p as a function of the remaining variables. In all cases, it can be shown that p is a decreasing function in a sufficient number of variables to obtain an upper bound for p. Specifically, for all cases we get p 9, so all cases reduce to the small prime case already considered in Theorem 5.2. Thus no non-normal p-gonal groups exist in addition to those we have already determined.
Summary of Results
Since the classification of non-normal p-gonal surfaces arose from the close examination of a number of different subcases, we summarize our results in the following. Theorem 8.1. Suppose X is a non-normal p-gonal surface. Then the signatures of Γ and ∆, the full automorphism group of X, the genus of X and where appropriate the different possibilities for p is one of those given in Table 7 .
